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The well–formulation and the well–posedness of the Cauchy problem is discussed for hybrid
metric-Palatini gravity, a recently proposed modified gravitational theory consisting of adding to
the Einstein-Hilbert Lagrangian an f(R) term constructed a` la Palatini. The theory can be recast
as a scalar-tensor one predicting the existence of a light long-range scalar field that evades the
local Solar System tests and is able to modify galactic and cosmological dynamics, leading to the
late-time cosmic acceleration. In this work, adopting generalized harmonic coordinates, we show
that the initial value problem can always be well-formulated and, furthermore, can be well–posed
depending on the adopted matter sources.
PACS numbers: 04.50.Kd,04.20.Cv
I. INTRODUCTION
A central theme in modern cosmology is the puzzling observation that the Universe seems to be undergoing an
accelerated expansion [1]. The cause of the latter is one of the most important and challenging current problems in
cosmology, and remains a tantalizing outstanding question. In fact, the cosmic speed-up represents a new imbalance
in the governing gravitational equations, and it is interesting to note that historically, physics has addressed such
imbalances by either identifying sources that were previously unaccounted for, or by altering the governing equations.
In fact, the standard model of cosmology has favored a missing energy-momentum component in addressing the
imbalance, such as the cosmological constant and extensions to dynamical dark energy models (see [2] for a review).
However, one may consider an alternative approach in considering that General Relativity breaks down at large scales,
and a more general action than that of the Einstein-Hilbert action describes the gravitational field. Thus, modified
gravity has been an intensive area of research in dealing with the two outstanding problems facing modern cosmology,
namely, the late-time cosmic speed-up [3, 4] and the dark matter problem [5].
Indeed, new features emerge in the latter scenario that may be more successful in providing covariant infra-red
modifications and extensions of General Relativity. Note that the Einstein field equations of General Relativity were
first derived from an action principle by Hilbert, by adopting a linear function of the scalar curvature, R, in the
gravitational Lagrangian density. Although no a priori reasons exist to limit the action to this imposition and [6], in
fact, more general gravitational actions involving second order curvature invariants were proposed [7]. The physical
motivations for these modifications of gravity were related to the possibility of a more realistic representation of the
gravitational fields near curvature singularities and to create some first order approximation for the quantum theory
of a gravitational field. In this context, a more general modification of the Einstein-Hilbert gravitational Lagrangian
density involving an arbitrary function of the scalar invariant, f(R), was considered [7] in the literature. We refer
the reader to Ref. [8] for a recent review on f(R) gravity and to Ref. [9] for a review on the Palatini approach to
f(R) gravity. Despite the fact that many of the initially proposed models naturally produced the desired late-time
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2acceleration, it was soon realized that many theories were riddled with serious problems. In particular, taking into
account the metric formalism of f(R) gravity, in order to pass the constraints imposed by local tests, it was necessary
to impose the existence of a massive scalar field [10], with an interaction range not exceeding a few millimetres, which
obviously, cannot have any impact at large scales.
In this context, a new class of modified theories of gravity, consisting of the superposition of the metric Einstein-
Hilbert Lagrangian with an f(R) term constructed a` la Palatini was recently proposed [11]. It was shown that even
if the scalar field is very light, the theory passes the Solar System observational constraints. Therefore the model
predicts the existence of a long-range scalar field, modifying the cosmological and galactic dynamics. In the latter
context, the possibility that the flat rotation curves could be explained within the framework of the recently proposed
hybrid metric-Palatini gravitational theory was also explored [12]. The virial theorem was also generalized in the
context of the galaxy cluster velocity dispersion profiles predicted by the hybrid metric-Palatini model [13]. Thus, the
generalized virial theorem can be an efficient tool in observationally testing the viability of this class of generalized
gravity models. The cosmological applications of hybrid metric-Palatini gravity were also explored, and several classes
of dynamical cosmological solutions, depending on the functional form of the effective scalar field potential, were
explicitly obtained [14]. Furthermore, the cosmological perturbation equations were derived and applied to uncover
the nature of the propagating scalar degree of freedom and the signatures of these models in the large-scale structure.
In Ref. [15], a method was developed to analyse the field content of these theories, in particular to determine whether
the propagating degrees of freedom were ghosts or tachyons. In fact, new types of second, fourth and sixth order
derivative gravity theories were investigated and the metric-Palatini f(X) theories were singled out as a viable class
of “hybrid” extensions of General Relativity.
The stability of the Einstein static Universe was also analysed by considering linear homogeneous and inhomogeneous
perturbations in the respective dynamically equivalent scalar-tensor representation of hybrid metric-Palatini gravity
[16]. The stability regions of the Einstein static universe were parametrized by the first and second derivatives of the
scalar potential, and it was explicitly shown that a large class of stable solutions exists in the respective parameter
space. Compact sphere solutions were also recently explored [17]. The theory was further generalized to include
torsion [18], and a unifying approach was presented where weak forces and neutrino oscillations were interpreted
under the same standards of torsional hybrid gravity. This picture allowed the derivation of an effective scalar field
which gives rise to a running coupling for Dirac matter fields. In fact, the two phenomena occurring at different energy
scales were encompassed under the dynamics of such a single scalar field, which represents the further torsional and
curvature degrees of freedom.
However, due to the extra gravitational degrees of freedom emerging from the nonlinearity of the scalar curvature
dependence, which give rise to auxiliary scalar fields, to be a viable theory, the initial value problem needs to be
well-formulated and well-posed. In fact, any physical theory is said to be “physically meaningful” if an appropriate
initial value problem and the boundary conditions are suitably formulated. Thus, starting from suitable initial data
on a Cauchy surface, the subsequent dynamical evolution of the physical system is said to be uniquely determined.
In this case, it is said that the problem is well-formulated. Other properties also need to to be satisfied to be a
viable theory, such as, if small perturbations occur in the initial data, these need to propagate and produce small
perturbations in the subsequent dynamics over the spacetime, where it is defined. The causal structure also needs
to be preserved. In fact, a spacetime which possesses a Cauchy surface is said to be globally hyperbolic, in the sense
that the entire future and past history of the spacetime can be predicted from the initial data on the Cauchy surface
[19]. Indeed, in a non-globally hyperbolic spacetime, predictability breaks down in that the complete knowledge of
the initial conditions do not suffice to determine the entire history of the Universe. If these conditions are satisfied,
then the initial value problem of the theory is said to be well-posed.
It can be shown that General Relativity has a well-formulated and well-posed initial value problem, and as for mod-
ified theories of gravity, specific initial value constraints and gauge choices are required in order for the gravitational
field equations to be suitable for a correct formulation of the Cauchy problem. Indeed, in the context of f(R)-gravity
in the metric-affine formalism, by adopting Gaussian normal coordinates, it was shown that the initial value problem
is well formulated [20]. In fact, the initial value problem was extensively explored in other approaches of modified
gravity, such as f(R) gravity in the presence of perfect fluids [21], following the well-known Bruhat prescriptions for
General Relativity; in the context of metric-affine f(R)-gravity in the presence of a Klein-Gordon scalar field acting as
a source of the field equations [22]. In the metric-affine case, a Hamiltonian description puts forward that the scalar
field of the associated scalar-tensor representation is constrained and, therefore, is not a dynamical entity, being an
algebraic function of the matter fields. One also finds that the evolution equations of the theory depend, in general,
on this non-dynamical scalar and on its spatial derivatives, but not on its time derivatives [23]. This confirms that the
initial value problem is well-formulated also for Palatini f(R) theories. The well-posedness of the Cauchy problem
was verified for specific forms of matter in [22]. We refer the reader to [24] for an overview of the initial value problem
in f(R) gravity.
Thus, in this work, we consider the Cauchy problem in the hybrid metric-Palatini gravitational theory. This paper
3is outlined in the following manner: In Section II, we review the hybrid metric–Palatini gravity writing down the field
equations and recasting the theory in terms of an equivalent scalar field. In Section III, we analyse the initial value
problem in the context of the hybrid metric–Palatini theory, and in Section IV, we draw our conclusions.
II. HYBRID METRIC–PALATINI f(X)-GRAVITY
Let us consider the action for hybrid metric–Palatini gravity in 4-dimensions [11], given by
S =
1
2κ2
∫
d4x
√−g [R+ f(R)] + Sm , (1)
where in addition to the Einstein-Hilbert term
√−gR and the matter action Sm, which are assumed to have the
standard form, there is an extra term depending on both the metric and an independent dynamical connection Γˆαµν
through the scalar curvature
R ≡ gµνRµν ≡ gµν
(
Γˆαµν,α − Γˆαµα,ν + ΓˆααλΓˆλµν − ΓˆαµλΓˆλαν
)
, (2)
where
Rµν ≡ Γˆαµν,α − Γˆαµα,ν + ΓˆααλΓˆλµν − ΓˆαµλΓˆλαν , (3)
is the Ricci tensor associated with the connection Γˆαµν . Supposing that the matter Lagrangian is independent of
the dynamical connection, variations of the action (1) with respect to the metric and the connection yield the field
equations
Gµν + F (R)Rµν − 1
2
f(R)gµν = κ2Tµν , (4)
∇ˆα(
√−gF (R)gµν) = 0 , (5)
respectively, where F (R) ≡ df(R)/dR and Tµν denotes the matter energy-momentum tensor, defined as
Tµν ≡ − 2√−g
δ(
√−gLm)
δ(gµν)
, (6)
and κ2 is the standard coupling of General Relativity. In view of Eq. (5), the dynamical connection is compatible
with the metric F (R)gµν , which is conformal to gµν , with the conformal factor F (R). This implies the following
relation
Rµν = Rµν + 3
2
1
F 2(R)F (R),µF (R),ν −
1
F (R)∇µF (R),ν −
1
2
1
F (R)gµν✷F (R) . (7)
Replacing Eq. (7) into the gravitational field equation (4), the latter can be recast in the form
[1 + F (R)]Gµν = κ2Tµν +∇µF (R),ν −✷F (R)gµν − 3
2
1
F (R)F (R),µF (R),ν
+
3
4
1
F (R)F (R),λF (R)
,λgµν − 1
2
(F (R)R− f(R)) gµν . (8)
Moreover, from the trace of the field equation (4), we have
F (R)R− 2f(R) = κ2T +R ≡ X . (9)
When Eq. (9) is solvable for R, which provides a suitable expression R = R(X) of the Palatini curvature R as a
function of the variable X which measures how much the theory deviates from the general relativistic trace equation
R = −κ2T .
It is possible to show the equivalence between hybrid metric-Palatini f(X)-gravity and certain classes of scalar-
tensor theories [11, 14]. To see this point, let us consider the following metric–affine action
S =
1
2κ2
∫
d4x
√−g [R+ φR− V (φ)] + Sm , (10)
4which represents a metric–affine Brans–Dicke–like theory, with a BD parameter w = 0 and potential V (φ) for the
scalar field φ. Varying this action with respect to the metric, the scalar φ and the connection lead to the field equations
Rµν + φRµν − 1
2
(R+ φR− V ) gµν = κ2Tµν , (11)
R− dV
dφ
= 0 , (12)
∇ˆα
(√−gφgµν) = 0 , (13)
respectively. Again, Eq. (13) implies that the independent connection is the Levi-Civita connection of the metric
hµν = φgµν . The Ricci tensors Rµν and Rµν associated respectively with the metrics hµν and gµν are then related by
Rµν = Rµν + 3
2φ2
∂µφ∂νφ− 1
φ
(
∇µ∇νφ+ 1
2
gµν✷φ
)
. (14)
Substituting Eq. (14) into Eq. (11), the latter can be rewritten as
(1 + φ)Gµν = κ
2Tµν +∇µ∇νφ−✷φgµν − 3
2φ
∇µφ∇νφ+ 3
4φ
gµν∇λφ∇λφ− 1
2
V gµν . (15)
Supposing now that the function F (R) = df(R)/dR is invertible, we can choose the potential V (φ) of the form
V (φ) = φF−1(φ) − f(F−1(φ)) . (16)
In these circumstances, it is a straighforward matter to verify that Eq. (12) amounts to the identity φ = F (R) and
therefore Eq. (15) becomes identical to Eq. (8). Moreover, tracing Eq. (11) with gµν , we find −R− φR+2V = κ2T ,
and using Eq. (12), we arrive at the following relation
2V − φdV
dφ
= κ2T +R . (17)
which results to be identical to Eq. (9). Under the hypothesis of Eq. (16), it is then proved that the actions (1) and
(10) are equivalent. Furthermore, if R is replaced in Eq. (17) with the relation R = R+ 3
φ
✷φ− 3
2φ2
∂µφ∂
µφ together
with R = dV
dφ
, one then finds that the scalar field φ is governed by the second-order evolution equation
−✷φ+ 1
2φ
∂µφ∂
µφ+
φ[2V − (1 + φ)dV
dφ
]
3
=
φκ2
3
T , (18)
which is an effective Klein-Gordon equation.
As a conclusive remark, we notice that Eqs. (15) and (18) can be derived from the purely metric Brans–Dicke–like
action
S =
1
2κ2
∫
d4x
√−g
[
(1 + φ)R +
3
2φ
∂µφ∂
µφ− V (φ)
]
+ Sm , (19)
with a BD parameter w = −3/2. Indeed, the variation of (19) with respect the metric tensor gives rise to Eqs. (15),
while the variation with respect to the scalar field yields
R− 3
φ
✷φ+
3
2φ2
∂µφ∂
µφ− dV
dφ
= 0 (20)
Inserting (20) in the trace of (15), we get exactly (18). The latter shows that the scalar field is dynamical. As we
shall see in the next section, this last fact plays a crucial role in the discussion of the Cauchy problem for hybrid
metric-Palatini f(X)-gravity, highlighting an important difference with respect to metric–affine f(R)-gravity.
III. THE CAUCHY PROBLEM
The dynamical equivalence with scalar–tensor theories shown above is useful to discuss the well–posedness of the
Cauchy problem for hybrid f(X)-gravity in vacuo and coupled to standard matter sources. In this perspective, we
5begin by proving the well–posedness of the Cauchy problem in vacuo, making use of the equivalent formulation (15)
and (18). As we shall see, the same conclusions hold in presence of standard matter sources satisfying the usual
conservation laws ∇µTµν = 0.
Borrowing definitions and notations from [25], the key point of our discussion is the introduction of suitable
generalized harmonic coorditates, defined by the conditions
Fµφ := F
µ −Hµ = 0 with Fµ := gαβΓµαβ, Hµ :=
1
(1 + φ)
∇µφ . (21)
As we shall see, the gauge (21) allows us to develop a second order analysis very similar to the one used in GR [25].
We notice that the generalized harmonic gauge (21) is a particular case of the one introduced in [26] to prove the
well-posedness of the Cauchy problem for a certain class of scalar-tensor theories of gravity.
Let us start with rewriting Eqs. (15) in the form
Rµν =
1
(1 + φ)
[
Σµν − 1
2
Σgµν
]
, (22)
where
Σµν := ∇µ∇νφ−✷φgµν − 3
2φ
∇µφ∇νφ+ 3
4φ
∇λφ∇λφ− 1
2
V gµν , (23)
plays the role of an effective energy–momentum tensor. We recall that the Ricci tensor can be expressed as [25]
Rµν = R
φ
µν +
1
2
[
gµσ∂ν
(
F σφ +H
σ
)
+ gνσ∂µ
(
F σφ +H
σ
)]
, (24)
with
Rφµν := −
1
2
gαβ∂2αβgµν +Aµν(g, ∂g) , (25)
where only first order derivatives appear in the functions Aµν . Due to the assumed gauge condition F
µ
φ = 0 and the
explicit expression of Hµ, from (24) and (25), we get the following representation
Rµν = −1
2
gαβ∂2αβgµν +
1
(1 + φ)
∂2µνφ+Bµν(g, φ, ∂g, ∂φ) , (26)
where the functions Bµν depend on the metric g, the scalar field φ and their first order derivatives. At the same
time, using Eq. (18) to replace all terms depending on the divergence gαβ∇α∇βφ, the right hand side of (22) can be
expressed as
1
(1 + φ)
[
Σµν − 1
2
Σgµν
]
=
1
(1 + φ)
∂2µνφ+ Cµν(g, φ, ∂g, ∂φ) , (27)
where, again, the functions Cµν depend only on first order derivatives. A direct comparison of Eq. (26) with Eq. (27)
shows that, in the considered gauge, Eq. (22) assumes the form
gαβ∂2αβgµν = Dµν(g, φ, ∂g, ∂φ) . (28)
The conclusion follows that Eq. (18) together with Eq. (28), form a quasi-diagonal, quasi-linear second-order
system of partial differential equations, for which well known theorems by Leray [19, 25, 27] hold. Given initial data
on a space-like surface, the associated Cauchy problem is then well-posed in suitable Sobolev spaces [25]. Of course,
the initial data have to satisfy the gauge conditions F iφ = 0 as well as the Hamiltonian and momentum constraints
G0µ =
1
(1 + φ)
Σ0µ µ = 0, . . . , 3 , (29)
on the initial space-like surface. In connection with this, we notice that, from Eq. (18), we can derive the expression
of the second partial derivative ∂20φ and replace it on the right hand side of (29), and thus obtaining constraints
involving no higher than first order partial derivatives with respect to the time variable x0. To conclude, we have to
6prove that the gauge conditions Fµφ = 0 are preserved in a neighborhood of the initial space-like surface. To this end,
we first verify that the divergence of the gravitational field equation (15) vanishes, namely
∇µ [(1 + φ)Gµν − Σµν ] = 0 . (30)
Taking into account the identities ∇µGµν = 0 and (∇µφ)Rµν = (∇µ∇µ∇ν −∇ν∇µ∇µ)φ, automatically satisfied
by the Einstein and Ricci tensors, we have
∇µ [(1 + φ)Gµν − Σµν ] = −1
2
R∇νφ+∇µ
(
3
2φ
∇µφ∇νφ− 3
4φ
∇λφ∇λφgµν + 1
2
V (φ)gµν
)
. (31)
On the other hand, inserting the content of Eq. (17) (in this case, with T = 0) into the trace of the field equation
(15), we end up with the identity
R =
dV
dφ
+
3
φ
∇λ∇λφ− 3
2φ2
∇λφ∇λφ . (32)
The identities (30) follow then from a direct comparison of (31) with (32).
Now, if gµν and φ solve the reduced field Eq. (28) and the scalar field Eq. (18), then we have
(1 + φ)Gµν − Σµν = − (1 + φ)
2
(
gµσ∂σF
ν
φ + g
νσ∂σF
µ
φ − gµν∂σF σφ
)
. (33)
Identities (30) imply then that the functions Fµφ satisfy necessarily a linear homogeneous system of wave equations of
the form
gpq∂2pqF
i
ϕ + E
iq
p ∂qF
p
ϕ = 0 , (34)
where Eiqp are known functions on the space-time. Since the constraints (29) amount to the condition ∂0F
i
ϕ = 0 on
the initial space-like surface, a well known uniqueness theorem for differential systems such as Eq. (34) assures that
F iϕ = 0 in the region where solutions of Eqs. (18) and (28) exist (see also [25]).
As mentioned above, the illustrated analysis also applies in the case of couplings to standard matter sources such
as electromagnetic or Yang-Mills fields, (charged) perfect fluid, (charged) dust, Klein-Gordon scalar fields [24], so
showing the well-posedness of the Cauchy problem for f(X)-gravity in presence of standard matter fields. Indeed,
when matter sources are present, Eqs. (18) and (28) have to be coupled with the matter field equations. Applying the
same arguments developed for GR [25, 28–30], it is easily seen that, in the generalized harmonic gauge (21), the matter
field equations together with Eqs. (18) and (28) form a Leray hyperbolic and a causal differential system admitting
a well-posed Cauchy problem [27]. In addition to the well-known results by Bruhat, the crucial point is again that
the field equations of matter field imply the standard conservation laws ∇µTµν = 0. This fact allows to verify the
validity of Eq. (30) in the presence of matter too (Tµν 6= 0). We notice that in the considered scalar–tensor theories,
the usual conservation laws ∇µTµν = 0 have to be necessarily satisfied [31]. In summary, the hybrid metric-Palatini
gravity satisfies the well-formulation and well-posedness of Cauchy problem for standard forms of mater and then, in
this sense, it is a viable theory.
IV. DISCUSSION AND CONCLUSIONS
Hybrid metric-Palatini gravity is a recently proposed modified theory of gravity consisting of adding to the Einstein–
Hilbert Lagrangian an f(R) term constructed a` la Palatini. It predicts the existence of a light long–range scalar field
that passes the local Solar System tests and is able to modify the galactic and cosmological dynamics, leading to the
late-time cosmic acceleration. Furthermore, several classes of dynamical cosmological solutions were explicitly obtained
in this context, and furthermore, the cosmological perturbation equations were derived and applied to uncover the
nature of the propagating scalar degree of freedom and the signatures these models predict in the large-scale structure.
However, due to the extra gravitational degrees of freedom emerging from the nonlinearity of the scalar curvature
dependence, to be a viable theory, the initial value problem needs to be well-formulated and well-posed. In this
context, we considered the Cauchy problem and showed that the problem is well-formulated and well-posed according
to the Bruhat prescriptions that work for General Relativity.
Essentially, the demonstration is based on the identification of a generalized set of harmonic coordinates defined
by suitable (gauge) conditions (21) which allow to rewrite the field equations in the Einstein-like form (22). Starting
from this position, it is possible to reproduce, essentially, the same approach already developed for metric-affine f(R)
theories [21]. Finally, the well–formulation and the well-posedness is achieved as soon as viable source matter fields
are considered. In some sense, this result has to be expected since we are summing up two theories (General Relativity
and Palatini f(R) gravity) where the Cauchy problem is self-consistently defined.
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